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Vincent Bonini and Jie Qing 

Abstract. In this paper we take an approach similar to that in [M] to establish a 
positive mass theorem for spin asymptotically hyperbolic manifolds admitting cor- 
ners along a hypersurface. The main analysis uses an integral representation of a 
solution to a perturbed eigenfunction equation to obtain an asymptotic expansion of 
the solution in the right order. This allows us to understand the change of the mass 
aspect of a conformal change of asymptotically hyperbolic metrics. 



1. Introduction 

In this paper we study the change of mass aspect for asymptotically hyperbolic 
manifolds under a conformal change of metric and establish a positive mass the- 
orem for a class of asymptotically hyperbolic manifolds admitting corners along a 
hypersurface. This work follows an approach similar to that in [M] . The dimensions 
of all manifolds concerned in this paper are greater than 2. Positive mass theorems 
for asymptotically hyperbolic manifolds have been studied in many works, notably 
in [Mo] [AD] [W] [CH]. A Riemannian manifold (M, g) with corners along a hy- 
persurface E is a manifold that is separated by an embedded hypersurface E C M 
such that each individual part is a smooth Riemannian manifold and the metric g is 
continuous across the hypersurface E. An asymptotically hyperbolic manifold with 
corners along a hypersurface is a Riemannian manifold with corners along a hyper- 
surface with one part compact and the other part asymptotically hyperbolic. The 
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issue at hand is to investigate the validity of a positive mass theorem for asymptot- 
ically hyperbolic manifolds with corners along a hypersurface if each part satisfies 
the scalar curvature condition. A good motivation given in [M] to initiate the study 
of such question is to use the Ricatti equation 

f) H 

(1.1) R = Rx-(\A\ 2 + H 2 )-2 — , 

which allows one to consider the scalar curvature in distributional sense across the 
hypersurface. It also turns out to relate to a notion of quasi-local mass in relativity 
(cf. [B] [M] [ST1] [ST2]). It is desirable to have a non- negative quantity associated 
with a compact domain O of an asymptotically hyperbolic manifold M, which is 
zero if and only if O can be isometrically embedded into the hyperbolic space and 
converges to the total mass when Q exhausts M. Analogous to the suggestion for the 
asymptotically flat setting in [B] , a natural candidate for such a quantity is given by 
taking the infimum of the total mass over the class of all asymptotically hyperbolic 
manifolds in which O can be isometrically embedded and to which positive mass 
theorem can apply. For more details readers are referred to [B] [M] [ST1] [ST2]. 

In case of an asymptotically hyperbolic manifold with corners along a hypersur- 
face we will call the compact part the inside and the non-compact part the outside. 
We will denote the mean curvature of the hypersurface with respect to the inside 
metric in the outgoing direction by H- and the mean curvature of the hypersurface 
with respective to the outside metric in the direction inward to the outside by H + . 
Our main theorem is as follows: 

Theorem 1.1. Suppose that (M n , g) is a spin asymptotically hyperbolic manifold 
of dimension n > 3 with corners along a hypersurface. And suppose that the scalar 
curvature of both the inside and outside metrics are greater than or equal to —n(n — 
1) and that 

H-(x) > H+(x) 

for each x on the hypersurface. Then, if in a coordinate system at the infinity, 

g = sinh" 2 p(dp 2 + g + ^h + 0(p n+1 )), 

n 

then 

(1.2) / Tr go h(x)dvol go (x) > | / xTr go h(x)dvol go (x)\. 
Js™- 1 J s n - 1 

In [W] the vanishing of the mass is proved to imply the asymptotically hyper- 
bolic manifold is isometric to the hyperbolic space. However, we did not find it 
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is a straightforward consequence to have the same conclusion in our context nor 
did Miao in [M] in the context of asymptotically flat manifolds. We will give an 
affirmative answer to this question in a forthcoming paper. We would like to point 
out though it is easy to see that the scalar curvature should be the constant as the 
hyperbolic space. 

We adopt an approach from [M] to smooth the corners, then conformally deform 
the metric so that the scalar curvature is greater than or equal to — n(n — 1) and 
then apply the positive mass theorem in [W] . Instead of solving an equation which 
is a perturbation of Laplace equation as in [M] [SY] for asymptotically flat case, 
we realize, with our experience in [Q] [BMQ], that we should consider an equation 
which is a perturbation of the eigenfunction equation 

(1.3) -Av + nv = 
on an asymptotically hyperbolic manifold, where 

n Q2 

on R n in our notation in this paper. We also learned that in fact in each case the 
operator is simply the linearization of the Yamabe equation at the constant scalar 
curvature one. One of the consequences of this consideration gives hope that v 
decays in the right order to allow us to estimate the change of mass aspect after a 
conformal change of metric while another is the following key observation. 

Lemma 1.2. Suppose that (M n , g) is a Riemannian manifold and v is a positive 
smooth solution to the linear equation 

n — 2 n — 2 

(1.4) -Av + nv-— — (R + n(n-l)) v=— — (R + n(n-l)) . 

4(n-l) 4(n-l) 

4 

Then the scalar curvature of the metric g v = (1 + v) n ~ 2 g satisfies 

(1.5) R gv >-n(n-l). 

To find a solution v to (1.4) we use the analysis of weighted function spaces and 
uniformly degenerate elliptic equations, which are well developed in, for example, 
[A] [AC] [GL] [LI] [L2] [Mz] [MM]. The positivity of the solution v to (1.4) follows 
from a clever use of a generalized maximum principle in [PW]. We have noticed 
that the existence of the expansion of the solution v was studied in [MM] [AC]. 
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But we need the explicit formula to estimate the change of mass aspects here. We 
followed the approach taken in [SY] which used an integral representation to obtain 
an asymptotic expansion. To obtain an integral representation we used an explicit 
formula for the fundamental solution to the eigenfunction equation in the hyperbolic 
space 

(1.7) G H {x,y) = . un _ 2 - r -2—, -d(coshd H (x,y)), 

sinn dH{x, y) cosh dH{x,y) 

where dn(x, y) is the hyperbolic distance between x and y in hyperbolic space H n , 

1 

Cn ~ (n-2)vol(^- 1 )' 



u i=2 j=2 J 

and 

oo i 

(1.9) 9o = 1 + En(1 __!L_). 

i — 2 j — 2 

For more detailed account on the above generalized eigenfunctions please see [AC] 
[MM]. Thus 

Lemma 1.3. Suppose that (M n , g) is an asymptotically hyperbolic manifold, M c 
is a compact set in M and ro is a large number. Let 

x = ifj(p):M\M c ^R n \B ro (0), 

be a coordinate at the infinity in which 

n 

g = sinh" 2 p(dp 2 + 90 + -H 0(p n+1 )), 

where sinhp = Suppose that v G Cg ,a (M) with 5 > solves the equation 

—Av + nv + fv = w, 

with 

f e C°' a (M) and w e Cj' a (M), 
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for some k > 2 and rj > n + 1 . Then 

(1.12) v(x) = A(^-)\x\- n + 0(|x|- (n+1) ) 

\x\ 

for some function A on S 71-1 . 

Note that the function A( ^) in the above lemma in our proof will be given as 
a sum of several integrals which later allow us to estimate the size of change of the 
mass aspects, please see Lemma 6.5 in this note. 

The paper is organized as follows: Section 2 is devoted to establishing an isomor- 
phism theorem for a class of uniformly degenerate operators based on work in [L2] . 
In Section 3 we introduce a linear equation whose solution gives a conformal factor 
for a metric with the scalar curvature greater than or equal to —n(n — l). In Section 
4 we derive an explicit formula for the fundamental solutions to the eigenfunction 
equation on hyperbolic space H n . In Section 5 we use the standard fundamental 
solution to construct an approximate fundamental solution on an asymptotically 
hyperbolic manifold. This gives us an integral representation of a solution to the 
eigenfunction equation and the desired asymptotic expansion. In Section 6 we prove 
our main theorem by calculating the mass aspect of the deformed metric and ap- 
plying the positive mass theorem in [W]. 

Acknowledgement We would like to thank the referee for a very thorough 
reading of our manuscript and many constructive suggestions. 

2. Analytic preliminaries 

In this section we discuss some preliminaries of the analysis on weakly asymptot- 
ically hyperbolic manifolds. Let M n be a smooth compact n-dimensional manifold 
with boundary dM and M n be its interior. A nonnegative smooth function p on 
M is said to be a defining function for dM if 

p > in M 

p = on dM 

and dp never vanishes on dM. For any non-negative integer m and any < f3 < 1, 
a smooth Riemannian metric g on M is then said to be conformally compact of 
class C m '^ if for any defining function p for dM, the conformal metric g = p 2 g 
extends as a C m ^ metric on M. The metric g restricted to T(dM) induces a 
metric g := g\T{8M) on dM which rescales upon change in defining function and 
therefore defines a conformal structure [g] on dM called the conformal infinity of 
(M,g). 

When m + (3 > 2, a straightforward computation as in [Mz] shows that the 
sectional curvatures of g approach — \dp\^ at dM. As in [BMQ], we define weakly 
asymptotically hyperbolic manifolds as follows: 
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Definition 2.1. A connected complete Riemannian manifold (M n , g) is said to be 
weakly asymptotically hyperbolic of class C m '^ if g is conformally compact of class 
(jm,p w ^ m p > 2 an d \dp\^ = 1 on dM for a defining function p. 

We will use the definitions of weighted function spaces from the papers of Lee 
[LI] [L2](see also [GL] [A]). Let (M n , g) be a weakly asymptotically hyperbolic 
manifold and let p be a defining function. The weighted Holder spaces are defined, 
for 5 E R, 

(2.1) C k ' a (M) := p 5 C k > a (M) = {p 5 u : u E C fc ' a (M)} 
with the norm 

The weighted Sobolev spaces are defined, for 5 E R, 

(2.2) Wg' p (M) := p s W k > p (M) = {p 5 u : u E W k > p (M)} 
with the norm 

IMl^fc.p := ||p 5 u\\ W k, P i M y 

5 

We recall the following weighted Sobolev embedding theorem from [L2] . 

Lemma (Sobolev Embedding). Let (M n ,g) be weakly asymptotically hyperbolic 
manifold of class C m ^ and U C M an open subset. For 1 < p,q < oo, < a < 1, 
5 E R, 1 < k < m, and k + a < m + (3, the inclusions 

(2.3) W k > q (U) W J S ' P (U) for k 
and 

(2.4) W k > p (U)^Cr(U) for k 
are continuous. 

The readers are referred to [L2] (see also [GL] [A] [LI]) for a more complete dis- 
cussion of properties of the weighted Holder and Sobolev spaces on weakly asymp- 
totically hyperbolic manifolds. Our goal in this section is to derive an isomorphism 
result from [GL] [L2], particularly Theorem C in [L2], for the operator —A + n + f. 
We first state a simpler version of Theorem C in [L2] . 



n . n 

- > J ~ ~ 
q p 



n 



> j + OL 

P 
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Lemma 2.2. Suppose that (M n , g) is a weakly asymptotically hyperbolic manifold 
of class C™' 13 . Letk+l + a<m + (3 and f E C°' Q for some 7 > 0. Then 

-A + n + f: Cf a (M) -> C° s ' a (M) 

is a zero index Fredholm operator whenever 5 G (0,n). The possible kernel is the 
L? -kernel of -A + n + f. 

Then we derive an isomorphism result by asking that — A+n+/isa perturbation 
of —A + n with the negative part of / small in integral sense. We will denote 

f = f + -r 

where / + = max{/, 0} and f~ = — min{/, 0}. 

Proposition 2.3. Suppose that (M n , g) is a weakly asymptotically hyperbolic man- 
ifold of class C m ^ . Let 4 < m + (3 and f G C® ,a for some 7 > 0. Then there is a 
positive number eo such that, if 

(2.5) (/ \f-\*dvol)$ <e , 

J M 

then 

(2.6) -A + n + f : C 2 5 ' a (M) -> C° s ' a (M) 
is an isomorphism when 5 G (0, n) . 

Proof. Suppose that v is a function in the L 2 -kernel of the operator —A + n + f. 
Due to some standard weighted L 2 estimates (cf. Lemma 4.8 in [L2], for instance) 
we know that v G W 2 ' 2 (M) and solves the equation 

(2.7) -Av + nv + fv = 0. 

Let p be a geodesic defining function for the weakly asymptotically hyperbolic 
manifold (M n , g). For e > let 

M e = {p G M : < p{p) < e}. 

Multiplying (1) by v and integrating by parts over M\M e we see 

0= -vAv + fv 2 + nv 2 

J M\M e 

= 1 (\Vv\ 2 + nv 2 )+ [ fv 2 + [ v^da. 

J M\M e J M\M e J{p=t} ® U 



8 



POSITIVE MASS THEOREM 



Now v E W ' (M) so for a fixed small number e\ > 



|u| | Vv\da— = f \v\\Vv\ < oo. 

-/p=s s JM\M ei 

Therefore, there is a sequence of €j — > such that 

/ \v || Vv\dcr — > 0, 

which implies 

/ (|Vv| 2 + m; 2 ) = - / fv 2 . 
Jm Jm 

Then, by Holder inequality, 

/ (\Vv\ 2 + nv 2 )< / f-v 2 <([ (/-)')«(/ z^) 1 "^. 

Next we apply the Sobolev embedding Theorem and obtain 

(2.8) / (|V V | 2 + m; 2 )<C(/ (/")*)« / (|V<;| 2 + A 

where C here is the Sobolev constant, which is independent of v. Thus, for 

1 

we may conclude that u = 0. So the proposition follows from Lemma 2.2. 

3. CONFORMAL DEFORMATIONS 

In this section we discuss the conformal deformation of the scalar curvature on 
an asymptotically hyperbolic manifold (M n , g). This idea comes from the work in 
[SY] where the analogous situation was treated in the context of asymptotically flat 
manifolds. 

Lemma 3.1. Suppose that v is a positive solution to the following equation 

n — 2 n — 2 

(3.1) -Av + nv- -(R + n(n - l))~v = -{R + n(n - 1))" 

4{n — 1) 4{n — lj 
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on a manifold (M n , g). Then 

R[(l + v)^g] > -n(n-l). 

Proof. Let u= 1 + v. Then 

n — 2 _ . n — 2 . n(n — 2) 

-Am + — -Ru = -Av + — -(R + n(n - l))u -u 

4(n-l) 4(n-l) V V " 4 

n — 2 n — 2 

> -Av + nv- — —(R + n(n-l))~v - — — (R + n(n - 1))~ 

4(n-l) 4(n-l) 

n(n — 2) .„ . 

- raw + 

4 



— -rn(n - 1) 

4(n-l) (1 + v) 



n-2 



Hence to prove the lemma is to show that 

4 4 1 4 
(3.2) 1 + <(l + v) — . 

We differentiate the two sides with respect to v and compare 

4 , ,9 4 . , 4 ! 



(1 + v) 2 < -(l + v)~^ 



n-2 x ' n-2 

Therefore, by the fact that the two sides are the same when v = 0, the lemma 
follows. 

The rest of this section is devoted to solving for a positive solution to the equation 
(3.3) (-A + n + f)v = h 

on an asymptotically hyperbolic manifold (M n , g) with the function / suitably 
small in an integral sense. By the isomorphism proposition in the previous section 
we know, for 5 G (0, n) and each h G C® ,a (M), there is a unique solution v G 
Cg ,a (M) to the equation (3.3). Hence what really need to do is to show that v > 
in M. For simplicity we will denote 

n — 2 

f = -- [( — -^R + nin -!))-< 0. 
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Proposition 3.2. Suppose that (M n , g) is a weakly asymptotically hyperbolic man- 
ifold of class C 771 ' 13 with m + (3 > 4. Let eo be the small positive number in Proposi- 
tion 2.3 in the previous section and a G (0, 1). Suppose that f G C°' a (M) for some 
5 G (0, n) and that 

(3.4) (/ |/|9)*<eo. 

JM 

Then there is a positive solution v G Cg ,ct (M) to the equation 

(3.5) -Av + nv + fv = -f. 

Proof. We first prove that v has to be nonnegative in M. Assume otherwise that v 
is negative somewhere in M so that 

V- = min{v(p) : p G M} < 0. 

Let us consider instead the function u = v + vq for a small positive number vq < 
min{l,-^}. Then 

—Au + nu + fu = — /(l — vo) + nvo > 

in M and mm{u(p) : p G M} < 0. Since v G C^' a (M) for 5 > 0, for a geodesic 
defining function p, we may assume that 

u > on d(M \ M T ) = {p G M : p(p) = r} 

provided that r > is sufficiently small. Now we are going to apply the generalized 
maximum principle in Section 2.5 in [PW] to the function u on the manifold M\M T . 
According the generalized maximum principle what we need is to verify that the 
first eigenvalue of the operator —A + n + f on the domain M \ M T > for some r' < r 
with Dirichlet boundary condition is positive. Therefore, for any <fi G C^°(M\M T >), 
we consider the ratio 

/ M (|V0| 2 + n0 2 + ^ 2 ) 

- t~ta2 ( / (m 2 +<p 2 )-c([ av^+0 2 ))) 

JM*? JM JM JM 

1 

> -. 

- 2 
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Thus the first eigenvalue of the operator —A + n + f on the domain M \ M T > with 
the Dirichlet boundary condition is always positive. We may apply Theorem 10 
in Section 2.5 of the book [PW] to the function ^, where <p is the positive first 
eigenfunction over M \ M T > , to obtain a contradiction. Therefore v is nonnegative 
in M. To show that v is in fact positive in M, for each r > 0, we apply the Hopf 
strong maximum principle to the function ^ on the domain M \ M T , where (p is 
the positive first eigenfunction over M \ M T > for any < r' < r. Thus the proof is 
complete. 

4. The fundamental solutions on the hyperbolic space 

The materials in this section are well known and readers are refereed to [A] [AC] 
[L2] [MM] for more detailed account on the references. But for the convenience of 
the readers we will present a construction briefly. Let us first recall the definition of 
the hyperbolic space as a hyperboloid in the Minkowski space-time. The Minkowski 
space-time is R n+1 equipped with the Minkowski metric — dt 2 + \dx\ 2 for (t, x) G 
R n+1 . The upper hyperboloid is the submanifold 

(4.1) H n = {(t, x) G R n+1 : -t 2 + \x\ 2 = -1, t > 0}. 

Hence 



(d\x\) 



2 



(4-2) (H\ g H ) = (R\ ff^- + \x\ 2 9s ^), 

1 + \x\ z 

where gs™- 1 is the standard metric on the unit round (n — l)-sphere. We want to 
find the solution to the equation 

(4.3) -A H nG (a;) + nG (x) = 5 (x), 

which defines the Green's function in x centered at the origin of the differential 
operator —A + n on hyperbolic space H n . We first compute, for r = \x\, 

(-A Hn + n)r- n+2 t- k = -(k - 2){k + n- l)r" n+2 t- fc + k(k + l)r- n+2 t~ k - 2 . 

We then observe inductively that, for even number k, 

(-A ff n + re)(r — (( -» + + . . . + (2( J^ 4 ( :: 2 ^L 1 ) ^» 

2-3-4-5---fc- (k+1) „,o. , o 
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Therefore we consider the function 

oo i 

(4.4) j (t) = (1+ j : il (1 _^_)_ i: 



Notice that the infinite series 6 is obviously convergent when t > 1. In fact, when 
t = 1, taking the logarithm of the general term we see 

lo s II* 1 - aJT^T 1 £ "2 log(t + — 1 + c(n) 

for some dimensional constant c(n). Thus the infinite series 

oo i 

(4.5) ^) = 1+En(1 __^_) 

i — 2 j — 2 

converges for all n > 3. We set 

8(t) 



(4.6) 

and easily conclude that 
Lemma 4.1. Let 



0(1) 



(4.7) G (x) = m 



(n - 2)vol(S n - 1 ) r n ~ 2 t 2 ' 
Then 

-A H uG (x) +nG (x) = S Q (x) 

on hyperbolic space H n . 

To write the fundamental solution at any point in the hyperbolic space we want 
to express hyperbolic translation in the hyperboloid model of hyperbolic space H n . 
Recall that the changes of coordinates between the ball model and hyperboloid 
model of the hyperbolic space are 



BONINI AND QING 13 

and 

1 

x — x. 

1 + t 

Also recall that hyperbolic translation by b in the ball model is given in [R] by 

lA , 1- \b\ 2 \x\ 2 + 2x-b+l - 

(4.8) r- h (x)= -LL x + 



|x| 2 |6| 2 + 2x-6+l |x| 2 |6| 2 + 2x-6+l 
where ^ = a/1 + |a;| 2 and t& = a/1 + |6| 2 . Therefore we have 

(4.9) T b (x) = x + t x b + -?—^-b 

1 + t& 

with 

(4.10) |7b(x)| = sinhdj^x, -6). 
One key fact here is that 

(4.11) coshdnix, b) = t x tb — x • b. 
Thus 

(4.12) G H (x,y) = G y (x) = G (T_ y (x)). 
and explicitly 

(4.13) G H (x,y) = . _ 2 ^ -J-— -0(coshd ff (a;,y)) 

sinh cIh{x, y) cosh dH{x,y) 

where 

1 



(4.14) c n = 



(n-2)vol(^- 1 )' 

5. Asymptotic behavior 
So far, for a weakly asymptotically hyperbolic manifold (M n , g) with 

(.R + n(n — 1))~ G Cg ,a and / ((i? + n(n - 1))") 5 < e| , 
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we have obtained a conformal deformation g v = (1 + v) n ~ 2 g such that 

R[g v ] > -n{n - 1) 

and 

< v e Cf a {M), 

provided that 5 G (0,n). Unfortunately the decay rate of v just misses the decay 
rate on which the mass aspect of an asymptotically hyperbolic manifold is defined. 
We will use the Green's function we constructed in the pervious section to obtain 
an expansion at the infinity of the solution v to the equation 

n — 2 n — 2 

-Av + nv- — —(R + n(n-l))-v = — — (R + n(n - 1))". 

4(n-l) 4(n-l) 

We follow the idea used in [SY] to write an integral representation of the solution v 
with the help of the approximate Green's function Gh{x,v) on the asymptotically 
hyperbolic manifold M. Let us start with a definition of asymptotically hyperbolic 
manifolds, which should be compared with the definition of weakly asymptotically 
hyperbolic manifolds given in Section 2. Since we will adopt the definition of mass 
aspect and mass for asymptotically hyperbolic manifolds from the work [W] we use 
his definition for asymptotically hyperbolic manifolds. 

Definition 5.1. (M n , g) is said to be an asymptotically hyperbolic manifold if 
(M n , g) is a weakly asymptotically hyperbolic manifold with the standard round 
sphere (S n , [go]) as its conformal infinity, and, for a geodesic defining function 
p, in the conformally compact coordinates at the infinity, 

(5.1) g = sinh" 2 p(dp 2 + g + -p n h + 0(p n+1 )), 

n 

where h is symmetric two tensors on 5' n_1 at each point. 

In the light of the above definition, we set up a conformally compact coordinate 
at the infinity associated with a defining function p as follows. Let 

?P:M\M c ^R n \B ro (0), 

for some compact subset M c C M, such that 

(d\x\) 2 

(5.2) g H = ; " + |x| 2 ^ = sinh" 2 p(dp 2 + g ) 

1 + \x r 
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for \x\ > r Q and sinhp = y^y. 

We construct an approximate Green's function of an asymptotically hyperbolic 
manifold (M n , g). At each point y G R n \ B ro (0) : we consider the hyperbolic space 
H n in the coordinate so that 



9h{x) 



1 



1 + r^(x) 



dr 2 + r 2 (x)g = (gH)ij(x)dxidxj, 



where 
(5.3) 



r y {x) = ^A ij (y)x i x J 



This coordinate can be made into the standard coordinate by the linear transfor- 
mation B : R n — * R n such that B 2 = A. More importantly we need to ask 



(5.4) 

A simple calculation yields 
(5.5) (g H )ij(x) = Aij 

Hence 
(5.6) 

Therefore, since 
(5.7) 

and 



(gii)ij(y) = 9ij(y)- 

AikXkAjiXi 
1 + A kl x k xi 



i - 9ki\y)VkVi 



9ij(x) = S i:j - X ' Xj + 0(\x\ n )h ZJ (x) 

J. ~~y~ Uj 



(5.8) 
we have 
(5.9) 



Aij(y) = QiM + = 8a + 0(\y\-)h^y). 



+ \y 



Let dn(x,y) be the hyperbolic distance function in the metric (gH)ij(x)dxidxj and 
let 



(5.10) G v (x) 



1 



#(cosh dn(x, y)) 



(n - 2)vol(S n - 1 ) S inh n - 2 d H (x, y) cosh 2 d H (x, y) ' 
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In the geodesic ball Bi (y) in the metric g we calculate 
(5.11) 9ij (x) = (g H )ij(x) + d H (x,y)0(\y\- n ) 

and 

, B ,2) A » = Tm as{ ^" i%) 

= A H + d H (x,y)0(\ V \-")A H + (jj) if 8,(0(| S r")4(i, 
Thus, for any x G Bi(y) and x ^ y, 

(5.13) %(x) = -A g G y (x) + nG y (x) = 0{\y\- n )0{d H (x, y)"™ +1 ), 

as \x — y\ — > and \y\ — > oo. On the other hand, outside the geodesic ball Bi(y), 
we simply need 

= (to)y(^) + 0(|x|- n )%(x) + 0(|y|- n )^(x,y), 
as |x| — > oo and |y| — > oo, which follows from some calculations, where 
j- i \ j i \ hik{y)XkXj ~~\~ hjkXkXi XiXj h k ix k xi 

&(*,y) = hiM YTW + i + N 2i + N2 - 

Therefore 

hijXj Xi h k [X k X[ 

*3 X 3 = l + \ x \2 ~ 1 + | X | 2 1+ |x| 2 

and 

(g H y j = 5ij + x i x 3 + 0{\y\- n )&j. 

This implies 

g ij = (g H yj + 0(\y\- n )^j + 0(\x\- n )~h tJ + higher order terms. 
Here we use the facts that 

(S lk + x t x k )£ k i(5ij + xiXj) = 

and 

(Sik + XiX k )h k i(8ij + xiXj) = hij. 
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Therefore, outside the geodesic ball Bi(y), 

A g = A~ gH + (0(\y\- n ) + 0(\xD)A~ gH 

+ {g H ) ij d i {0{\y\- n ) + 0{\x\- n ))d j . 

One last calculation we need is an estimate for *& y (x) outside the geodesic ball 
Bi(y). We compute 

did H (x,y) = ~ -( Alk [ V " )Xk t y - A ik (y)y k ), 

sinh aH{x,y) tx 

(n-2)fl(coshs) 2#(coshs) 0'(coshs) 

\ ^ / ^" n V ■ i n— 1 i ~~ • , 77 — 3 7~3 "7 , n — 3 7~2 / ' 

sinh s cosh s sinh s cosh s sinh s cosh s 

and 

cosh n d H (y,x)G'(d H {y,x)) -> -nc n , 
as dn(y,x) — > oo. Thus, outside the geodesic ball Bi(y), 

(5.14) * y (x) = -A 3 G y (x) + nG tf (x) = (0(1*1"") + 0(| y |-»))0(_J_ -). 

cosh dH{x,y) 

Lemma 5.2. Suppose that (M n , (7) is an asymptotically hyperbolic manifold. Then 

(5.15) -AGy(x) + nGy(x) = 5 y (x) + ® y (x) 

where *& y (x) satisfies the estimates (5.13) and (5.14). 

As a consequence we have the following integral representation. 

Proposition 5.4. Suppose that (M n , g) is an asymptotically hyperbolic manifold 
and that 

iP:M\M c ^R n \B ro (0) 
is a conformally compact coordinate associated with a defining function p in which 

n 

g = sinh" 2 p(dp 2 + g + —h + 0(p n+1 )). 

n 

Suppose that v G C|' a (M) solves the equation 

-Av + nv + fv = w G Cg' a (M), 
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where f E C°' a (M) and 5 E (0, n). Then, for each x E R n \ B ro (0), 

v(x) = - v(y)y x (y)dvol g (y) 

jR™\B r() (0) 

+ [ (w(y)-f(y)v(y))G x (y)dvol g (y) 

jR"\B ro (0) 

~ I ^-(yHy)do-g(y) 

JdB rn (0) ° n 



(5.16) 



f dv 
+ / ^-(y)G x (y)da g (y). 



(5.17) 



'dB rQ (0) dn 

Proof. We use the density property (cf. [L2]) of the the space Cg ,a (M) to have a 
sequence of functions v n E C^°(M) such that 

v n ^v mCf a (M). 

Then from (5.15) we have, for v n , 

v n (x) = - v n (y)^ x (y)dvol g (y) 

jR"\B ro (0) 

+ (-Av n + nv n ))G x (y)dvol g (y) 

JR n \B ro (0) 

- / ^^(y)My)dcT g (y) 

JdB ro (o) On 

+ [ ^(y) Gx (y)da g (y). 
JdB r jo) dn 

Hence, by taking the limit, we obtain (5.16) for v. 

Now we are ready to state and prove our main result of this section. 

Theorem 5.5. Suppose that (M n , g) is an asymptotically hyperbolic manifold and 
that 

i>:M\M c ^R n \B ro (0) 
is a conformally compact coordinate associated with a defining function p in which 

n 

g = sinh" 2 p(dp 2 + g + —h + 0(p n+1 )). 
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Suppose that v G C$ ,a (M) with 5 > solves the equation 

—Av + nv + fv = w 

with 

f G C°' a (M) and w G C 2 ^ a (M) 
for some k > 2 and r) > n + 1 . Then, for each x G R n \ B ro (0) , 

(5.18) v(x) = A(^-)\x\- n + 0(|x|-( n+1 )). 

\x\ 

Remark 5.6. We would like to point out that the expansion (5.18) is a simple 
consequence of the work in [AC] [MM]. But we need some explicit expression of 
the coefficient A in (5.18) to prove Theorem 6.3 and Lemma 6.5 in the following 
section, which we did not find that it is easier to extract it from [AC] [MM] than to 
obtain it in the way presented here. The explicit expression of A will be obtained in 
the course of the following proof of Theorem 5.5 based on the integral representation 
of the solution v in (5.16). 

Proof of Theorem 5.5. We are going to study the asymptotic behavior of v(x) term 
by term in (5.16). We treat the easy ones first. First we consider 



'dB ro (o) dn 
as \x\ — > oo and y G dB ro (0). Now 



x\ n I ^(y)G x (y)da(y), 



\x\ n c n cosh n 2 dn(y,x) 
cosh n dn (y, x) sinh n_2 dn (y,x) 



\x\ n G x {y) = ; ™ - - ^_l_ 2 , H ^: J 9(coshd H (y,x)), 



where 

and 

Hence 



cosh d H (y, x) = t x t y - A ij {x)x l y 3 
A lJ (x) = 5 lJ +0(\x\- n ). 



\A n G x {y) = — - ^^Z/^^^ icoshdniy^)) G C\M) 



20 



POSITIVE MASS THEOREM 



and 



Therefore 



and 



(5.19) 



lim \ n G\*(y) = c n (t y — j^t • y)~ n . 

A^oo 1^1 \x\ 



\*\ n I ^(y)G x (y)da(y)EC 1 (M) 

JdB ro (0) an 

T f (ill 

A 1 (-)= lim X n / — (y)G x ^(y)da(y) 

\x\ a^oo J dBro (o) on w 

f dv x 
= Cn / — r~T ' y)~ n d(?(y)- 

JdB ro (0) on \ x \ 



Next we consider 

M n / -^(y)v(y)da(y), 
JdB ro (o) on 

as | a; | — > oo and y G <9-B ro (0). We compute 

M n ^?%) = \x\ n p{y)c n G>{d H {y,x)) ddH{v ' X 



on or 

, g l jy 1 y J _ i y i 

= \xrp(y)G' X - 9X3 lvl , 

sinh du{y } x) 

where 

, (n-2)#(coshs) 2(9(coshs) #'(coshs) 

sinh n_i scoshs sinh""'' s cosh" 3 s sinh""'' s cosh 2 s 

and 

cosh n dfj(y, x)G'(dH(y, x)) — > — nc n 
as dn(y,x) — > oo. Therefore 



A 2 (^) = lim A n / -l&tovtodriy) 
\x\ JdB rn (0) on 

( 5 - 2 °) 



/ t,(y)(f v - ^ • y)- n t , y l xM da(y). 
JdB rn (0) \ x \ l y~T7\'y 
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For the term 



\x\ 



(h - fv)G x (y)dvol g (y), 

R n \Br (0) 



we know, for any given y E R n \ £? ro (0), 



We observe that 



lim X n G x ^(y) = c n (t v -^ r -y)- n . 

A^oo |x| \X\ 



X 

t y - -p-r • y = ty - \y\ cos0 > (1 - cos0)|y| 

X 



where (f> is the angle between x and y. Fixing a direction , we easily see that for 
any eo > 

lim A" f (h-fv)G x *(y)dvol g (y) 



A— >oo 



{yeR n \B rQ (0): cos0<l-e o } 



= / (h-fv)(t y -^.y)- n dvol g (y). 

J{y€R n \ 



pOC r r n — l 

(5.21) / / (h - fv)(t y - rcos0)~ n da dr < oo. 

Jm Jlcos <A>l-e n > 



l \B rQ (0): cos0<l-e o } \ X \ 

On the other hand, when cos > 1 — e , it suffices to verify the claim 

„n— 1 

'r </{cos^>l-e } ^ 

Here we need to use the fact that r\ > n. We simply notice that 

1 + sin 2 <%| 2 

ty — 7/ COS = 1— j -. 

y t v + \y\ cos $ 

Hence 

/ (ty - | y | cos 4>)~ n da ^ / / (t y - \y\ cos 4>)~ n 4> n ~ 2 do d<fi 

</{cos^>l-e } ~ JO Js n ~ 2 

< [ 1 / (t y - |y|cos0)- n n - 2 (ia# 
~ Jo Js n ~ 2 



+ [° f (ty- \y\ cos (j))- n <p n - 2 do d(j> 

Je x Js n ~ 2 



ps |y| fc i ^ |y| fc i ps |y| 
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for ei = \y\ 1 < e . Therefore 

r r n—l 

/ (h - fv)(t y -rcos ( j ) )- n -—dao = O^-^- 1 ), 

J {coscj)>l-£ } *y 

where t = min{?7, n + |<5} > n, which implies our claim (5.21). Thus 



(5.22) 



A (^)= limA" f (h-fv)G x ^(y)dvol g (y) 

\.l\ A^oo J Rn \B ro (0) 



[ ( h -f v )( ty -^--y)- n dvol g {y). 

JR n \B rn (0) \ x \ 



>R"\B ro (0) 

A similar argument yields the next order when we have k > 2 and rj > n + 1. For 
the last term 

\x\ n I v{y)^ x {y)dvol g {y), 

jR™\B ro (0) 

we need to use the estimates about the correction term ^ x (y) in (5.13) and (5.14). 
We first look at 

\x\ n [ v(y)q x (y)dvol g (y) <\x\ n [ [ v(y)^ x (y) sinh"" 1 rdadr 
Jb 1 (x) Jo Js™- 1 

^ \x\ n [ lyl^+'lxl^r-^r^dr 



for any small positive number e. Clearly 

(5.23) lim \x\ n I v(y)y x (y)dvol g (y)=0 

\x\->oo JB 1 (x) 

since \y\ > c\x\ for y e Bi(x) and \x\ — > oo. Next we look at 

\x\ n / v{y)^ x {y)dvol g {y). 

J(i?»\B n) (0))\B 1 (x) 

In the light of (5.14) and (5.23), using the argument we used to treat last term to 
obtain (5.21) and (5.22), we have 



(5.24) 



^-i(rr) = , lim A " / v{y)^xMy)dvol g {y) 



lim A n / v(y)* x *(y)dvol g (y). 

A ^°° J(R™\B^(0))\Bi(x)) 



(J?"\B ro (0))\B 1 ( a; )) 



We have thus proven the theorem with 

ry* rjrt ry* ry> rp 

(5-25) A(^) = + M^t) + M^) + 4>(o). 

tC- tXj lAy tAJ lAy 
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6. Proof of the main theorem 



In this section we prove the main theorem. We first recall a positive mass the- 
orem for asymptotically hyperbolic manifolds from [W]. Readers are referred to 
[CH] for more elaborated and complete discussions of positive mass theorems for 
asymptotically hyperbolic manifolds. Recall that, on an asymptotically hyperbolic 
manifold (M n , g) as defined in Definition 5.1, we have a coordinate at the infinity 
such that 



In [W] it was proven that 

Theorem. (Xiaodong Wang) Suppose that (M n , g) is a spin asymptotically hy- 
perbolic manifold and that R g > —n(n — 1). Then 



Moreover the equality holds if and only if (M n , g) is isometric to the standard 
hyperbolic space H n . 

We adopt the idea from [M] to deal with asymptotically hyperbolic manifolds 
with corners along a hypersurface. 

Definition 6.1. A Riemannian manifold (M n , g) is said to have corners along 
a hypersurface E if there is a smooth embedded hypersurface E C M such that 
M\ E = M_1JM + and the inside (M_, g_) = (M_, g) is a smooth compact 
Riemannian manifold with a boundary E and the outside (M + , g + ) = (M+, g) is 
a smooth Riemannian manifold with a boundary E. Moreover g- and g+ agree on 
the boundary E, that is, g continuous across the hypersurface EcM. 

We will consider the outward mean curvature H- of the hypersurface E in 
(M_, <7_) and the inward mean curvature H+ of the hypersurface E in (M+, g+). 
Near the hypersurface E we may use Gauss coordinates, that is, for some vq > 0, 
a point p within distance v$ from the hypersurface E is labeled by a point x on 
the hypersurface E and the signed distance d = dist(p, E) to the hypersurface E. 
We now recall the smoothing operation given in Proposition 3.1 in [M] to have C 2 
metrics on M approximating g. 

Proposition 6.2. (Pengzi Miao) Suppose that (M, g) is a manifold with corners 
along a hypersurface E. Then there is a family of C 2 metrics g v , for v e (0, vq), on 



(6.1) 



g = sinh" 2 p(dp 2 + g + —h + 0(p n+1 )). 



(6.2) 
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where 0(1) stands for terms bounded independent of v and <f>{t) G C£°(— 1, 1) is o 
standard mollifier. 

Our next goal is to conformally deform the metric g v so that the scalar curvature 
is greater than or equal to — n(n — 1) so that the positive mass theorem in [W] 
applies. The reason that g v admits such conformal deformation relies on the fact 
that 



whenever v is sufficiently small and H- — H + > 0. Thus we are ready to state and 
prove our main theorem. 

Theorem 6.3. Suppose that (M, g) is a spin Riemannian manifold with corners 
along a hypersurface E and that the outside is an asymptotically hyperbolic manifold 
and the inside is compact. Suppose that the scalar curvature of both the inside and 
outside metrics are greater than or equal to —n(n — 1) and that 



for each x on the hypersurface. Then, if in a coordinate system at the infinity, 



Proof. We first use the smoothing operation given in [M] as stated in the above 
proposition. For each small v < i/q, we then solve the equation 




H-{x) > H+(x) 



n 

g = sinh" 2 p(dp 2 + g + ^h + 0(p n+1 )) 



then 




(6.4) 



-A 9v v + nv + f v v = -/„ 



on M for 



fu = 



n-2 



(R u + n(n - I))' . 



4(n- 1) 
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According to Proposition 6.2 above 

fudvolg^ < C(g)u, 



/ 

J M 



where C(g) depends only on the metric g. For sufficiently small v we apply Propo- 
sition 3.2 in Section 3 to obtain a positive solution v v to the above equation (6.4). 
Then we consider the new metric 

g v = (l + v v ) — g v . 

In the light of Lemma 3.1 in Section 3 we know that the scalar curvature R v of the 
new metric g v is greater than or equal to — n(n — 1). To finish the proof we need 
to establish the following two lemmas. 

Lemma 6.4. Suppose that (M n , g) is an asymptotically hyperbolic manifold and 
in a coordinate at the infinity associated with a geodesic defining function r 

g = sinh" 2 p(dp 2 + go + ^h + 0(p n+1 )), 

n 

where 

cosh p — 1 
sinhp 

And suppose that 

v = A(^-)p n + 0(p n+1 ) 
\x\ 

is a positive function on M . Then there is a geodesic defining function f for g = 

4 

(1 + v) g such that 

g = sinh" 2 p(dp 2 + go + l —h + 0(p n+1 )), 

n 



where 



and 



cosh p — 1 
sinh p 



6.5 h=^ —!-A(—)g + h. 

n — 2 \x\ 
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Proof. First we recall that the geodesic defining function of the metric g is a defining 
function s such that 

\ds\ S 2g = l 

near the infinity. We refer the readers to Lemma 2.1 in [G] for the existence and 
uniqueness of the geodesic defining function associated with each boundary metric 
in the conformal infinity. We start with a geodesic defining function r for g. Then 
for each 9 E S n ~\ let 

f = e w r and w(0,O) = O. 
By the definition, w satisfies 

(6.6) 2^ + r\dw\ 2 r2g = -((l + v)^-l) = -^—Ar"- 1 + 0(r n ). 
or y r n — 2 



By an inductive argument we obtain 

d k w 



dr k 



(6,0) = 



for k < n — 1 and 



(6.7) ^(e,0) = (n-l)l-^A(6). 



Hence 



This gives 



11,(0, r) = 2 A(9)r n + 0(r n+1 ). 



(6.8) r(6, r) = r+ 2 _ A(9)r n+1 + 0(r n + 2 ). 



By the construction of the coordinate associated with a geodesic defining function, 

# and 

Or or 



we need to compare the integral curves of the vector field and 4=. We know 



dr = (1 + ^^-Ar^dr + _2^ r „ + i ^ + +1 
n(n — 2) n(n — 2) o9i 

which implies 

9 x-^/i 2(n+l) . nN 9 
= l + „ n- 2 (i + _^ -(^r n ) — 

or n(n — 2) or 

C6 9) + (1 + v)~^(r n+1 - — + 0(r n+2 ))q ij — 

d 2(n - 1) . „ d n+1 , 
or n(n — 2) or 
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Therefore 

(6.10) 0(0, r) = + O(r n+1 ). 

Thus 

smh 2 p g(-^-, = sinh 2 p (1 + g( — , — ) + 0(r n+1 ). 
In the light of the fact that 

sinh P _ = f = r(1 + 2 Ar" + 0(r™ +1 )) 



1 + coshp n(n — 2) 



Sinhp (l+ 2 , r n + 0(r n+l )) 



1 + cosh p n(n — 2) 
we have 

sinh 2 p = sinh 2 p( 1 + C ° Shp ) 2 (l + - 4 - Ar n + 0(r n+1 )), 
H rv l + coshp v n(n-2) V 



where 



1 + cosh p cosh p — cosh p 

1 + cosh p 1 + cosh p 

= l + 0(r)(p-p) 

= 1 + 0(r)(tanh _1 f - tanh" 1 r) 

= l + 0(r n+1 ). 

Finally, we arrive at 

(6.11) g + -h + 0(p n+1 ) = so + ( 4( , n + ^ /9 n A(0)fl O + — /i(0)) + 0(p™+ ] 
which gives 

(6.12) h=^±^A(^)g + h. 

n — 2 |x| 

So the calculation is completed. 

The next lemma is an estimate of the perturbation of mass aspect ™-2^ ^-"i 
in terms of the small number v as v — > when i> = i^. 
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Lemma 6.5. Suppose that (M, g) is a complete Riemannian manifold with corners 
along a hypersurface and that the outside is an asymptotically hyperbolic manifold. 
Suppose that the scalar curvature of both the inside and outside metrics are greater 
than or equal to —n(n — 1) and that 

H_{x) > H + (x) 

for each x on the hypersurface. Let g v be constructed as in Proposition 6.2. Then 
there is a unique positive solution v v E C|' a (M) to the equation 



-A a v + nv - 



n-2 ,„ , . . n-2 



4(n 



-(R„ + n(n-l)) v= (R v + n(n-l)Y 



when v is sufficiently small. Moreover, in a coordinate at the infinity associated 
with a geodesic defining function r, 

v v = A u (^)r n + 0(r n+1 ) 

and 

(6.13) \M^t)\ <Cv^, 



\x\ 



where C is independent of v . 
Proof. By Proposition 6.2 we have 

n — 2 

^(i^ + n(n-l))-<C 
with compact support inside dQ x [— f, f ], where C is independent of v. Hence 

/ (■£^(R* + n(n-l))-)*dvol gw <Cv. 
Jm 4 l n — L ) 

Therefore, by Proposition 3.2 and Theorem 5.5, there is exists the unique positive 
solution to the equation 

n — 2 n — 2 

-A 9v v + nv- _ (R u + n(n - l))~v = _ {R v + n(n - 1))". 

when v is sufficiently small and in a coordinate at the infinity associated with a 
geodesic defining function r, 

v v = A„(-^-)r n + 0{r n+1 ), 
\x\ 
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where is given in (5.25). 

First of all, since 

n — 2 i 

(6.14) ||___(^ + n ( n _i))-|| wr+1(M) <Cv—^ 

for any 7, we know by an isomorphism theorem similar to Proposition 2.3 (cf. 
Theorem C in [L2]), that 

for any 7 < Then by the Sobolev embedding Theorem ([L2]) we have 

(6.15) IMIg^(m) < Cv ^ 
for some a £ (0, 1). 

Next we estimate ^(ffj) term by term. We treat the easy terms first. For the 
term 

A (^) = c n [ ( R „ + n ( n - 1 ))-( 1 + v )(^YTW--^-yr n dvoi g „(y), 

m J R n \B ro (0) \ x \ 

we simply ask tq is large enough so the support of (R v + n(n — 1))~ is outside of 
R n \ B n) (0). Therefore, we may choose tq so that 

(6.16) A (^) = 0. 



\x\ 



For the term 



M JdB ro (o) on \x\ 

we easily see that 



(6.17) A 1 (^-) < Cu^tt . 

\x\ 

Similarly, for the term 

\y\ x_ . y_ 

\ x \ JdB ro (o) M \y\ 2 - A -y 
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we easily derive from (6.15) that 

(6.18) \Mt^)\ < Cu^tt. 

\x\ 

The last term is 

^-1(13) = r im A " / v„(y)* x *(y)dvol g (y). 

\X\ X^oo J Rn \ Bro (0) W 

Due to (6.15) and the estimate (5.14) we know 



(6.19) 



1 



where in the last step we use the same argument we used to establish (5.21) and 
(5.22) to deal with the term (a/1 + \y\ 2 — y|y • y)~ n , which is only big when is 
very close to ^ . Thus we have proved that 

(6.20) \AJ^-)\<Cv^ 

\x\ 

for some C independent of v. 

Proof of Theorem 6.3. To finish the proof of Theorem 6.3 we simply notice that 

for each v sufficiently small, by Lemma 3.1 in Section 3, we may apply the positive 

4 

mass theorem in [W] to the metric (1 + v v ) ™- 2 g v and obtain that 



n-l 



Tr go hdvol go (x) > | / Tr go hxdvol go (x) 
is™- 1 



where 

~ 4(n+ 1) , , x , 

h=- -±A u {—)g Q + h. 

n — 2 \x\ 

Here we note that the mass aspect of g v is the same as the mass aspect of g since 
g v is the same as g outside a compact set. Therefore, as v — > 0, we have 



Tr go hdvol go (x) > | / Tr go hxdvol go (x)\. 

Js"-- 1 



J Sri— 1 J gn—1 

So the proof is finished. 
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